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Abstract
We give results on the convergence of bi-continuous semigroups introduced and studied by Kühne-
mund. As a consequence, we obtain a Lie–Trotter product formula and apply it to Feller semigroups
generated by second order elliptic differential operators with unbounded coefficients in Cb(RN).
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1. Introduction
In the last years, the study of transition Markov semigroups on spaces of bounded
continuous (or uniformly continuous) functions led to consider a class of semigroups of
operators for which the usual strong continuity fails to hold. For instance, the Ornstein–
Uhlenbeck semigroup on the space of uniformly continuous bounded functions on RN or
even the heat semigroup on the space of bounded continuous functions on RN are not
C0-semigroups with respect to the sup-norm.
It was then natural to look for suitable locally convex topologies weaker than the norm
topology to treat the lack of strong continuity. The results of this paper are given in the gen-
eral framework introduced by Kühnemund [7,8] in this direction. Her approach goes back
to Cerrai, Gozzi, Priola [2,3,17,18], who considered, on the space UCb(H) of bounded
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pact sets (or the pointwise convergence) of equibounded sequences (the so-called K- and
π -convergence). This type of convergence turned out to be a powerful tool for the study of
transition Markov semigroups arising from stochastic differential equations.
Recently, Kühnemund [7–9] gave a unified approach in an abstract setting, by consid-
ering so-called bi-continuous semigroups, i.e., semigroups of bounded linear operators on
a Banach space which are locally bi-equicontinuous with respect to an additional locally
convex topology τ coarser than the norm topology and such that the orbit maps t → T (t)x
are continuous with respect to this topology. She obtains generation theorems in [7,8] and
also approximation theorems of Trotter–Kato type in [7,9].
In this paper we improve the results on the convergence of bi-continuous semigroups
of [7,9], by relaxing some assumptions, thus answering to an open question asked in [7,
Remark 2.4]. More precisely, we give a complete characterization of the convergence
of semigroups with respect to the topology τ , similar to the classical theorems for C0-
semigroups (see, e.g., [6, Section III.4]) and to the ones in [1] for locally equicontinuous
semigroups on sequentially complete locally convex spaces.
As a consequence, we obtain a Lie–Trotter product formula and apply it to second order
differential operators on Cb(RN) of type(
N∑
i,j=1
qij (x)Dij +
N∑
i=1
pi(x)Di
)
+
N∑
i=1
Fi(x)Di.
We remark that a Lie–Trotter product formula for some transition semigroups was ob-
tained in [10,19], using stochastic methods.
2. Preliminaries
In this section we introduce some notation and recall some definitions and results from
[8,9].
As usual, if E is a Banach space and A :D(A)⊆ E → E is a linear operator, we set
Rg(A)= {Ax: x ∈D(A)}, R(λ,A)= (λI −A)−1 if it exists and we denote by ρ(A) the
resolvent set of A.
Let (X,‖ · ‖) be a Banach space with topological dual X′ and let τ be a locally convex
topology on X with the following properties:
(1) The norm-bounded τ -closed sets are sequentially τ -complete;
(2) The topology τ is Hausdorff and coarser than the ‖ · ‖-topology;
(3) The space (X, τ)′ is norming for (X,‖ · ‖), i.e., for all x ∈X,
‖x‖ = sup{∣∣〈x,φ〉∣∣: φ ∈ (X, τ)′, ‖φ‖(X,‖·‖)′  1}.
In the sequel, Pτ always denotes a system of continuous seminorms defining τ .
The model for this abstract setting that one should keep in mind is the space Cb(E)
of real bounded continuous functions on a Banach space E, endowed with the supremum
norm and with the topology τc of uniform convergence on compact subsets of E. Indeed,
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the Dirac measures, hence it is norming for Cb(E).
Following Kühnemund [8, Definition 3] we define the following.
Definition 2.1. A semigroup (T (t))t0 of linear ‖ · ‖-continuous operators on X is said to
be a bi-continuous semigroup (with respect to τ ) if
(1) There exist M  1 and ω ∈R such that, for every t  0, ‖T (t)‖Meωt ;
(2) For every f ∈X, τ − limt→0+ T (t)f = f ;
(3) For every ‖ · ‖-bounded sequence (fn)n ⊂ X τ -convergent to f ∈ X, it holds that
τ − limn T (t)fn = T (t)f uniformly with respect to t ∈ [0, T ] for every T > 0.
We denote by Gτ (M,ω) the set of all bi-continuous semigroups (T (t))t0 such that
‖T (t)‖Meωt .
The τ -generator of a bi-continuous semigroup (T (t))t0 is defined as
Af := τ − lim
t→0+
T (t)f − f
t
for all
f ∈D(A) :=
{
f ∈X: sup
t∈ ]0,1]
∥∥∥∥T (t)f − ft
∥∥∥∥<+∞, ∃τ − lim
t→0+
T (t)f − f
t
∈X
}
.
For the main properties of the generator (A,D(A)) we refer to [8, Proposition 11 and
Theorem 12]. In particular, we recall that, if f ∈D(A), then for each t  0,
T (t)f − f =
t∫
0
T (s)Af ds
(the integral is understood as a τ -Riemann integral).
Moreover, we point out that the following also holds:∥∥T (t)f − f ∥∥M max{eωt ,1}t‖Af ‖. (1)
Indeed, if Φ = {φ ∈ (X, τ)′: ‖φ‖(X,‖·‖)′  1}, we have
∥∥T (t)f − f ∥∥= sup
φ∈Φ
∣∣〈T (t)f − f,φ〉∣∣= sup
φ∈Φ
∣∣∣∣∣
t∫
0
〈
T (s)Af,φ
〉
ds
∣∣∣∣∣

t∫
0
sup
φ∈Φ
∣∣〈T (s)Af,φ〉∣∣ds =
t∫
0
∥∥T (s)Af ∥∥ds M max{eωt ,1}t‖Af ‖.
We also recall a useful definition for the sequel.
Definition 2.2. A family (Si)i∈I of linear ‖ · ‖-continuous operators on X is said to be
bi-equicontinuous if for every ‖ · ‖-bounded sequence (fn)n ⊂X τ -convergent to f ∈X,
it holds that τ − limn Sifn = Sif uniformly with respect to i ∈ I .
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In the present section we improve some of the results in [7,9] concerning the con-
vergence of bi-continuous semigroups. In particular, we relax the condition of norm-
convergence of the resolvents of generators of bi-continuous semigroups on a norm-dense
subspace of the norm-closure of D(A) to obtain the convergence of the corresponding
semigroups with respect to the underlying weaker locally convex topology τ , thereby an-
swering to an open question asked in [7, Remark 2.4]. To do this, we first recall from [9,
Definition 7] the following.
Definition 3.1. Let {(Tn(t))t0: n ∈N} be a sequence of bi-continuous semigroups on X.
They are said to be uniformly bi-continuous if the following conditions hold:
(1) There exist ω ∈R and M  1 such that ‖Tn(t)‖Meωt for all t  0 and for all n ∈N;
(2) (Tn(t))t0 are locally bi-equicontinuous uniformly for n ∈ N, i.e., for every ‖ · ‖-
bounded sequence (fj )j ⊂X τ -convergent to f ∈X, it holds that τ − limj Tn(t)fj =
Tn(t)f uniformly with respect to t ∈ [0, T ] for every T > 0 and to n ∈N.
With a straightforward argument about the integral representation of the powers of the
resolvent and analogously to [6, Chapter III, Proposition 4.4] it is possible to obtain the
following lemma (see also [9, Lemma 11]).
Lemma 3.2. Let {(Tn(t))t0: n ∈N} ⊂ Gτ (M,ω) be a uniformly bi-continuous sequence
of semigroups with τ -generators An, respectively.
(1) For every α > ω, the family {(λ − α)kRk(λ,An): n, k ∈ N, λ > α} is bi-equicon-
tinuous. In particular, for every λ > ω, the sequence {R(λ,An): n ∈ N} is bi-equi-
continuous.
(2) If, for some µ ∈C with Reµ>ω, there exists
τ − lim
n
R(µ,An)f =Rf (2)
for all f ∈X, with R ∈L(X), then for all λ ∈C with Reλ > ω, there exists
τ − lim
n
R(λ,An)f =R(λ)f (3)
for all f ∈ X. Moreover {R(λ): λ ∈ C, Reλ > ω} ⊂ L(X) is a pseudoresolvent and
the family {(λ− α)kRk(λ): Reλ > α, k ∈N} is bi-equicontinuous for every α > ω.
The next lemma is a modification of [16, Lemma 3.4.1].
Lemma 3.3. Let (T (t))t0 and (S(t))t0 be bi-continuous semigroups on X with τ -
generators A and B , respectively. For every f ∈X, λ ∈ ρ(A)∩ ρ(B),
R(λ,B)
[
T (t)− S(t)]R(λ,A)f =
t∫
0
S(t − s)[R(λ,A)−R(λ,B)]T (s)f ds.
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[0, t]→X, s → S(t − s)R(λ,B)T (s)R(λ,A)f
is τ -differentiable. Indeed, fix s0 ∈ [0, t]. Then
1
s − s0
[
S(t − s)R(λ,B)T (s)R(λ,A)f − S(t − s0)R(λ,B)T (s0)R(λ,A)f
]
= S(t − s)− S(t − s0)
s − s0
[
R(λ,B)T (s0)R(λ,A)f
]
+ S(t − s)R(λ,B)
[
(T (s)− T (s0))R(λ,A)f
s − s0
]
=:D1(s)+D2(s).
Clearly, τ− lims→s0 D1(s)=−S(t−s0)BR(λ,B)T (s0)R(λ,A)f by [8, Proposition 11(a)].
Moreover, since R(λ,A)f ∈D(A), we have that
τ − lim
s→s0
(T (s)− T (s0))R(λ,A)f
s − s0 = T (s0)AR(λ,A)f
and
sup
0<|s−s0|<1
∥∥∥∥ (T (s)− T (s0))R(λ,A)fs − s0
∥∥∥∥<+∞
by (1). Hence
τ − lim
s→s0
S(u)R(λ,B)
[
(T (s)− T (s0))R(λ,A)f
s − s0
]
= S(u)R(λ,B)T (s0)AR(λ,A)f
uniformly for every u ∈ [0, t]. From this and since
τ − lim
s→s0
S(t − s)g = S(t − s0)g
for every g ∈ X, we get that τ − lims→s0 D2(s) = S(t − s0)R(λ,B)T (s0)AR(λ,A)f .
Then, easy calculations show that
τ − d
ds
S(t − s)R(λ,B)T (s)R(λ,A)f = S(t − s)[R(λ,A)−R(λ,B)]T (s)f.
The assertion follows immediately by integrating over [0, t]. ✷
Following again Kühnemund [9, Definition 4] we define the following.
Definition 3.4. Let (A,D(A)) be a linear operator on X.
(1) A subspace D ⊆D(A) is said to be a bi-core for A if for every f ∈D(A) there exists a
sequence (fj )j ⊆D such that (fj )j and (Afj )j are ‖ ·‖-bounded and τ − limj fj = f
and τ − limj Afj =Af .
(2) A is said to be bi-closable if it admits a bi-closed extension; in this case, the bi-closure
A¯‖·‖,τ is the smallest bi-closed extension of A.
482 A.A. Albanese, E. Mangino / J. Math. Anal. Appl. 289 (2004) 477–492Remark 1. As in the classical case, if ρ(A) = ∅, then D is a bi-core for A if and only if D
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We are now able to state and to prove our generalized approximation results for bi-
continuous semigroups.
Theorem 3.5 (First Trotter–Kato theorem). Let (T (t))t0 and (Tn(t))t0, n ∈ N, be bi-
continuous semigroups in Gτ (M,ω) with τ -generators A and An, respectively. Assume
that the sequence {(Tn(t))t0: n ∈ N} is uniformly bi-continuous and that D is a bi-core
for A. If
τ − lim
n
R(λ,An)f =R(λ,A)f
exists for all f ∈X and for some/all λ ∈C, Reλ > ω, then
τ − lim
n
Tn(t)f = T (t)f
exists for all f ∈X, where the convergence is uniform for t in compact subsets of [0,+∞[ .
Proof. Let λ ∈ C, Reλ > ω such that the hypothesis holds. Let g ∈ D(A2) and set f =
(λ−A)g ∈D(A) and h= (λ−A)2g. Fix T > 0. Let p ∈ Pτ . Then
p
(
Tn(t)g − T (t)g
)
 p
(
Tn(t)
(
R(λ,A)−R(λ,An)
)
f
)
+ p(R(λ,An)(Tn(t)− T (t))f )
+ p((R(λ,An)−R(λ,A))T (t)f )
=: αn(t)+ βn(t)+ γn(t).
Since the sequence {(Tn(t))t0: n ∈N} is uniformly bi-continuous, we get that limn αn(t)
= 0 uniformly on [0, T ].
By Lemma 3.3,
βn(t)
t∫
0
p
(
Tn(t − s)
(
R(λ,A)−R(λ,An)
)
T (s)h
)
ds
and the integrand is bounded by
2M3Cp
eωt
Reλ−ω‖h‖,
by recalling that the τ -topology is coarser than the ‖ · ‖-topology. By dominated conver-
gence theorem, limn βn(t)= 0 uniformly on [0, T ].
Finally, observe that, since {R(λ,An): n ∈ N} is bi-equicontinuous, a proof by contra-
diction shows that limn γn(t)= 0 uniformly on [0, T ]. Indeed, assume that the convergence
is not uniform in [0, T ]. Thus there exists ε0 > 0 such that for every j ∈ N there exist
kj ∈N and tj ∈ [0, T ] such that
p
(
R(λ,Akj )T (tj )f −R(λ,A)T (tj )f
)
> ε0. (4)
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exists j0 ∈N such that for every j  j0, we have
p
(
R(λ,Akj )T (tj )f −R(λ,Akj )T (t)f
)
< ε,
since (R(λ,An))n is uniformly bi-continuous and (T (t))t0 is a bi-continuous semigroup;
p
(
R(λ,Akj )T (t)f −R(λ,A)T (t)f
)
< ε
by the assumption on the sequence (R(λ,An))n;
p
(
R(λ,A)T (t)f −R(λ,A)T (tj )f
)
< ε
by the bi-continuity of R(λ,A). Hence
p
(
R(λ,Akj )T (tj )f −R(λ,A)T (tj )f
)→ 0
and this cannot happen by (4).
Then we have proved that for every g ∈ D(A2), τ − limn Tn(t)g = T (t)g uniformly
on [0, T ]. Since D(A2) is bi-dense in X by [8, Proposition 14] and by the uniform bi-
continuity of {(Tn(t))t0: n ∈N}, we get the assertion. ✷
Consequently, we can prove our main result.
Theorem 3.6 (Second Trotter–Kato theorem). Let {(Tn(t))t0: n ∈ N} be a uniformly bi-
continuous sequence of semigroups in Gτ (M,ω) with τ -generators An, respectively. For
some λ0 >ω consider the following assertions:
(a) There exists a linear operator (A,D(A)) such that D(A) andRg(λ0−A) are bi-dense
in X and such that (Anf )n is a ‖ · ‖-bounded sequence and
τ − lim
n
Anf =Af for all f ∈D,
where D is a bi-core of A;
(b) τ − limn R(λ0,An)f = R(λ0)f for all f ∈X, where R(λ0) ∈ L(X), RgR(λ0) is bi-
dense in X and R(λ0) is one-to-one;
(c) There exists a bi-continuous semigroup (T (t))t0 ∈ Gτ (M,ω) such that for every
f ∈X,
τ − lim
n
Tn(t)f = T (t)f
uniformly on compact subsets of [0,+∞[ .
Then
(a)⇒ (b)⇔ (c).
Moreover, if (a) holds, then A is bi-closable, its bi-closure B is the τ -generator of
(T (t))t0 and R(λ0)=R(λ0,B).
Proof. (a) ⇒ (b) Let g ∈D and f = (λ0 −A)g. Then
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(
(λ0 −An)g − (λ0 −An)g + (λ0 −A)g
)
= g+R(λ0,An)(An −A)g τ→ g, (5)
since {R(λ0,An): n ∈N} is bi-equicontinuous by Lemma 3.2.
Putting R(λ0)f = g for all g ∈D, we have that D ⊆ RgR(λ0); hence RgR(λ0) is bi-
dense in X. Now, proceeding as in the proof of [9, Theorem 12, (a) ⇒ (b)] with obvious
changes, one shows that for every f ∈X there exists
τ − lim
n→+∞R(λ0,An)f =R(λ0)f
and ∥∥R(λ0)f ∥∥ M
λ0 −ω‖f ‖.
This shows that R(λ0) ∈ L(X).
Next, by Lemma 3.2 there exists a pseudoresolvent {R(λ): λ ∈C, Reλ > ω} such that
for every f ∈X and λ ∈C with Reλ > ω, τ − limn R(λ,An)f = R(λ)f and ‖R(λ)f ‖
M/(Reλ−ω). By the resolvent equation, for every λ > α > ω,
(
(λ− α)R(λ)− I)R(λ0)= (λ− α)R(λ)− (λ0 − α)R(λ0)
λ0 − λ ;
hence, if λn →+∞, for every f ∈ RgR(λ0),
lim
n→+∞
∥∥(λn − α)R(λn)f − f ∥∥= 0.
Since Rg(λ0) is bi-dense in X and {(λn − α)R(λn): n ∈ N} is bi-equicontinuous by
Lemma 3.2, we get τ − limn(λn − α)R(λn)f = f for every f ∈X. At this point, clearly
we have that if f ∈ kerR(λ0)= kerR(λn), then f = 0.
(b) ⇒ (c) By applying Lemma 3.2, we obtain a pseudoresolvent {R(λ): λ ∈ C,
Reλ > ω} such that for every f ∈ X, τ − limn R(λ,An)f = R(λ)f and ‖Rk(λ)f ‖ 
M/(Reλ−ω)k . Moreover every R(λ) has bi-dense range and is one-to-one. Then there
exists a closed operator (B,D(B)) such that R(λ) = R(λ,B) for every λ ∈ C, Reλ > ω.
Clearly D(B) is bi-dense, since it coincides with the range of the pseudoresolvent.
Let (fj )j ⊂ X be ‖ · ‖-bounded and f ∈ X be such that τ − limj fj = f . Let p ∈ Pτ
and ε > 0. Then, by Lemma 3.2, we have that for every α > ω, there exists j0 ∈ N such
that for every j  j0,
p
(
(s − α)kRk(s,An)fj − (s − α)kRk(s,An)f
)
 (s − α)
k
(k − 1)!
+∞∫
0
tk−1e−(s−α)te−αtp
(
Tn(t)fj − Tn(t)f
)
dt < ε
uniformly with respect to n, s, k. By taking the limit as n tends to ∞ we get that
p
(
(s − α)kRk(s,B)fj − (s − α)kRk(s,B)f
)
< ε.
Therefore by [8, Theorem 16] B generates a bi-continuous semigroup (T (t))t0 and by
the first Trotter–Kato theorem we get the assertion.
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Finally, it remains to show that if (a) holds, then B = A¯‖·‖,τ . The proof of this is the
same one given in [9, Theorem 12] with obvious changes. ✷
4. Approximation formulas
In this section we give approximation formulas for bi-continuous semigroups, improv-
ing Proposition 15 of [9].
Combining the generalized approximation results given in Section 3 with the proof of
[9, Proposition 15] (see also [7]), we get the following Lie–Trotter product formula for
bi-continuous semigroups in a more general version.
Theorem 4.1 (Chernoff product formula). Let V :R+ → L(X) be a function such that
V (0) = Id and ‖[V (t)]m‖ Memωt for all t  0, m ∈ N, with M  1 and ω ∈ R some
constants. Suppose that {[e−ωtV (t)]m: t  0} is locally uniformly bi-equicontinuous in
m ∈ N, i.e., for every ‖ · ‖-bounded sequence (fj )j ⊂ X τ -convergent to f ∈ X, it holds
τ − limj [e−ωtV (t)]m(fj − f ) = 0 uniformly for m ∈ N and for t in compact intervals
of R+. If {(V (t)f − f )/t: t ∈]0, T ]} is ‖ · ‖-bounded for all T > 0 and there exists
Af := τ − lim
t→0+
V (t)f − f
t
for all f ∈D ⊂ X, where D and (λ0 − A)D are bi-dense subsets of X for some λ0 > ω,
then the bi-closure A¯‖·‖,τ of A generates a bi-continuous semigroup (T (t))t0 given by
T (t)f = τ − lim
n→+∞
[
V
(
t
n
)]n
f
for all f ∈X and uniformly for t in compact intervals of R+.
As an immediate consequence we obtain
Corollary 4.2 (Lie–Trotter product formula). Let (T (t))t0 and (S(t))t0 be bi-continuous
semigroups on X with τ -generators (A,D(A)) and (B,D(B)), respectively. Suppose that
(i) There exists M  1 and ω ∈ R such that ‖[T (t)S(t)]m‖ Memωt for all t  0 and
m ∈N;
(ii) {[e−ωtT (t)S(t)]m: t  0} is locally uniformly bi-equicontinuous in m ∈N.
Consider the sum A+B on a subspace D ⊆D(A) ∩D(B) and assume that D and (λ0 −
A−B)D are bi-dense in X for some λ0 >ω. Then the bi-closure C of A+B generates a
bi-continuous semigroup (U(t))t0 given by
U(t)f = τ − lim
n→+∞
[
T
(
t
n
)
S
(
t
n
)]n
f
for all f ∈X and uniformly for t ∈ [0, T ] for all T > 0.
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In this section we will consider semigroups of linear continuous operators on the Banach
space (Cb(RN),‖ · ‖∞) that are bi-continuous with respect to the topology τc of uniform
convergence on compact subsets of RN .
For every k ∈ N, we denote by Ckb(RN) the space of all k times differentiable real
functions on RN , with continuous and bounded derivatives up to kth order and by Ckc (RN)
its subspace of functions with compact support. Moreover, for every θ ∈ ]0,1], we set
Ck+θb (RN) for the subspace of C
k
b (R
N) of all functions with the kth derivatives θ -Hölder
continuous.
Let us consider the second order differential operator
Af (x)=
N∑
i,j=1
qij (x)Dijf (x)+
N∑
i=1
pi(x)Dif (x), x ∈RN.
We assume that qij = qji , that the coefficients qij and pi belong to Cθloc(RN) for some
θ ∈ ]0,1] and satisfy for some ν > 0,
N∑
i,j=1
qij (x)yiyj  ν‖y‖2, ∀x, y ∈RN . (6)
Moreover, assume that there exists a strictly positive C2 real function v on RN such that
lim‖x‖→+∞ v(x)=∞ and Av(x) Cv(x), ∀x ∈R
N, (7)
for some positive constant C. We endow A with its maximal domain
Dmax(A)=
{
u ∈Cb(RN)∩W 2,ploc (RN) for all 1 <p <∞: Au ∈Cb(RN)
}
.
Then, by [13, Theorem 3.7, Proposition 5.2], (A,Dmax(A)) generates a semigroup
(T (t))t0 of linear ‖ · ‖∞-continuous operators on Cb(RN), which is bi-continuous with
respect to the topology τc.
Proposition 5.1. Under the previous assumptions the following holds.
(1) If qij ∈ C1b (RN), the coefficients pi are globally Lipschitz continuous and
sup
x∈RN
∣∣〈Dqij (x),P (x)〉∣∣<∞,
where P := (p1,p2, . . . , pN), then C2c (RN) is a bi-core of (A,Dmax(A)) with respect
to τc.
(2) If qij ∈ C∞(RN) ∩C3b (RN), pi ∈C∞(RN) satisfy the dissipativity condition
N∑
i,j=1
Dipj (x)yiyj m(x)‖y‖2, ∀x, y ∈RN, with sup
x∈RN
m(x)=m0 <∞,
and there exists M > 0 such that
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then C2b (RN)∩Dmax(A) is a bi-core of (A,Dmax(A)) with respect to τc.
Proof. A classical argument for convolutions and truncations shows that C∞c (RN) is bi-
dense in Cb(RN). Let θ ∈ ]0,1[ . Since C∞c (RN) ⊂ Cθb (RN), it follows that Cθb (RN) is
bi-dense in Cb(RN). Moreover, there exists λ0 > 0 such that for every λ > λ0 and for every
f ∈ Cθb (RN) there exists a unique u ∈ C2+θb (RN) ∩ Dmax(A) such that λu − Au = f .
Indeed this holds by [12, Theorem 1] in case (1), while, in case (2), it follows by
a straightforward application of [11, Theorem 1] (see also [11, Theorem 2.4]). Hence
Cθb (R
N) ⊂ (λ − A)(C2b (RN) ∩Dmax(A)) and therefore (λ − A)(C2b(RN) ∩Dmax(A)) is
bi-dense in Cb(RN). On the other hand, C2b (RN) ∩Dmax(A) is bi-dense in Cb(RN) be-
cause it contains C∞c (RN). Therefore, C2b (RN) ∩Dmax(A) is a bi-core of (A,Dmax(A))
with respect to τc .
We now prove that, under assumption (1), C2c (RN) is a bi-core of (A,C2b (RN) ∩
Dmax(A)). Let u ∈ C2b (RN) ∩Dmax(A). Fix η ∈ C∞c (RN) such that η(x)= 1 if ‖x‖  1
and η(x) = 0 if ‖x‖  2 and, for each n ∈ N, set ηn(x) = η(x/n). The sequence of
C2c (R
N)-functions (un)n = (uηn)n is clearly equibounded and converges uniformly on
compact sets of RN to u. Moreover, for each n ∈N and x ∈RN ,
Aun(x)= ηn(x)Au(x)+ u(x)Aηn(x)+ 2
N∑
i,j=1
qij (x)Diu(x)Djηn(x),
where∣∣ηn(x)Au(x)∣∣ ‖Au‖∞,∣∣u(x)Aηn(x)∣∣
 ‖u‖∞
(
N∑
i,j=1
‖qij‖∞ ‖Dij η‖∞
n2
+
N∑
i=1
sup
‖x‖n
∣∣pi(x)∣∣‖Diη‖∞
n
)
 ‖u‖∞
(
N∑
i,j=1
‖qij‖∞ ‖Dij η‖∞
n2
+
N∑
i=1
( |pi(0)|
n
+ [pi]Lip
)
‖Diη‖∞
)
,
∣∣∣∣∣
N∑
i,j=1
qij (x)Diu(x)Djηn(x)
∣∣∣∣∣
N∑
i,j=1
‖qij‖∞‖Diu‖∞ ‖Diη‖∞
n
.
Hence the sequence (Aun)n is equibounded. Moreover, for every R > 0, if n > R and
‖x‖R, then Aun(x)=Au(x). Therefore (Aun)n converges uniformly to Au on compact
subsets of RN . ✷
Next, let F :RN →RN be a locally Lipschitz continuous function such that〈
F(x),Dv(x)
〉
Kv(x), ∀x ∈RN, (8)
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lim‖x‖→+∞ v(x)=+∞. Then the maximal solution of the autonomous Cauchy problem
dξ(·, x)
dt
= F(ξ) (t > 0), ξ(0)= x ∈RN, (9)
satisfies
dv(ξ(t, x))
dt
= 〈F (ξ(t, x)),Dv(ξ(t, x))〉Kv(ξ(t, x)). (10)
Therefore, by Gronwall’s lemma,
v
(
ξ(t, x)
)
 eKtv(x) (11)
for every t in the domain of ξ(·, x). Inequality (11) implies that ξ(·, x) is defined on the
whole [0,+∞[ . Otherwise, assume that [0, b) is the domain of ξ(·, x). By classical proper-
ties of ordinary differential equations, for every n ∈N there would exist tn ∈ [0, b) such that
‖ξ(tn, x)‖ > n. Hence v(ξ(tn, x))→+∞ as n tends to ∞, while, by (11), it is bounded
by eKbv(x).
From standard results, ξ : [0,+∞[×RN → RN is a jointly continuous flow (see,
e.g., [5], [8, Definition 17] and [15, Chapter B.II, Section 3]), that is
(i) ξ(0, x)= x , ξ(t + r, x)= ξ(t, ξ(r, x)) for every x ∈RN and r, t  0;
(ii) ξ : [0,+∞[×RN →RN is continuous.
Consider the semigroup induced by the flow ξ ,
S(t)f (x) := f (ξ(t, x)) ∀t  0, f ∈ Cb(RN), x ∈RN . (12)
By [8, Proposition 18], (S(t))t0 is a bi-continuous semigroup with respect to τc on
Cb(R
N). Let (B,D(B)) be its τc-generator. Consider f ∈ Cb(RN) ∩ C1(RN) such that
〈F,Df 〉 ∈ Cb(RN).
Then, for every x ∈RN and t > 0,
S(t)f (x)− f (x)
t
= 〈F (ξ(t¯ , x)),Df (ξ(t¯ , x))〉,
where t¯ ∈ ]0, t[ . Therefore, we obtain that
sup
t>0
sup
x∈RN
∣∣∣∣S(t)f (x)− f (x)t
∣∣∣∣ ∥∥〈F,Df 〉∥∥∞ (13)
and that limt→0+((S(t)f (x)− f (x))/t)= 〈F(x),Df (x)〉 for every x ∈RN . By [5, Propo-
sition 2.4] (see also [8, Proposition 19]), (S(t)f − f )/t τc-converges to 〈F,Df 〉 as
t → 0+.
We conclude that f ∈D(B) and Bf = 〈F,Df 〉.
Theorem 5.2. Consider the differential operators on RN ,
Af (x) :=
N∑
qij (x)Dij f (x)+
N∑
pi(x)Dif (x) and Bf (x)=
〈
F(x),Df (x)
〉
,i,j=1 i=1
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F = (F1, . . . ,FN ) :RN → RN is locally Lipschitz continuous and there exists a strictly
positive real C2 function v on RN satisfying (7) and (8). Moreover assume that either
(1) pi and F are globally Lipschitz continuous and
sup
x∈RN
∣∣〈Dqij (x),P (x)+ F(x)〉∣∣<∞,
where P := (p1,p2, . . . , pN); or
(2) qij ,pi ∈ C∞(RN) ∩C3b (RN), F ∈ C∞(RN) satisfies
N∑
i,j=1
DiFj (x)yiyj m(x)‖y‖2, ∀x, y ∈RN, with sup
x∈RN
m(x)=m0 <∞,
and there exists M > 0 such that∣∣DβFi(x)∣∣M(1+ ∣∣m(x)∣∣), |β| = 2,3.
Then the bi-continuous semigroup (U(t))t0 generated by(
A+B,Dmax(A+B)
)
on Cb(R
N) is given by the Lie–Trotter product formula
U(t)f = τc − lim
n→+∞
[
T
(
t
n
)
S
(
t
n
)]n
f (14)
for all f ∈ Cb(RN) and uniformly for t in compact intervals of R+, where (T (t))t0
is the bi-continuous semigroup on Cb(RN) generated by (A,Dmax(A)) and (S(t))t0 is
the bi-continuous flow semigroup on Cb(RN) associated with the first order differential
operator B .
Proof. We show that all the assumptions of Corollary 4.2 are satisfied.
Since (T (t))t0 and (S(t))t0 are ‖ · ‖∞-contractive semigroups on Cb(RN), also
‖[T (t)S(t)]m‖∞  1 for all t  0 and m ∈N.
Moreover, by [13, Theorem 4.4] and [14, Lemma 3.9], the semigroup (T (t))t0 can be
represented in the form
T (t)f (x)=
∫
RN
p(t, x, y)f (y) dy, f ∈ Cb(RN), (15)
where p(t, x, ·) is a positive L1-function on RN , ∫
RN
p(t, x, y) dy = 1 and∫
RN
p(t, x, y)v(y) dy  eCtv(x) (t  0, x ∈RN). (16)
Hence, for each f ∈ Cb(RN), t  0, m ∈N and x ∈RN ,
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=
∣∣∣∣∣
∫
RN
p(t, x, y1)
∫
RN
p
(
t, ξ(t, y1), y2
)
. . .
∫
RN
p
(
t, ξ(t, ym−1), ym
)
f
(
ξ(t, ym)
)
dym . . . dy1
∣∣∣∣∣
 sup
z∈RN
|f (z)|
v(z)
∫
RN
p(t, x, y1)
. . .
∫
RN
p
(
t, ξ(t, ym−1), ym
)
v
(
ξ(t, ym)
)
dym . . . dy1.
Put |f |v := supz∈RN |f (z)v(z)−1|; from (16) and (11) follows that∣∣[T (t)S(t)]mf (x)∣∣ (17)
 eKt |f |v
∫
RN
p(t, x, y1) . . .
∫
RN
p
(
t, ξ(t, ym−1), ym
)
v(ym) dym . . . dy1
 e(K+C)t |f |v
∫
RN
p(t, x, y1)
. . .
∫
RN
p
(
t, ξ(t, ym−2), ym−1
)
v
(
ξ(t, ym−1)
)
dym−1 . . . dy1.
By iterating this procedure, we obtain that, for each x ∈RN , m ∈N and t  0,∣∣[e−(K+C)tT (t)S(t)]mf (x)∣∣ |f |v. (18)
Suppose that (fj )j is a ‖ · ‖∞-bounded sequence of Cb(RN) τc-converging to some
f ∈Cb(RN). Then |fj − f |v → 0 as it is easy to verify.
Hence, by (18), [e−(K+C)tT (t)S(t)]m(fj − f ), t  0, tends to 0 uniformly for m ∈ N
and t in R+. Then condition (ii) of Corollary 4.2 is also satisfied.
Finally, consider D = C2c (RN) if assumption (1) holds or D = C2b (RN) ∩D(B) if as-
sumption (2) is satisfied. In both cases, it is clear that the coefficients qij and P +F satisfy
hypothesis (1) or (2) of Proposition 5.1; hence D is a bi-core of (A+ B,Dmax(A+ B))
with respect to τc, that is D and (λ − A − B)(D) are bi-dense in Cb(RN) for some
λ > 0. Moreover D ⊂Dmax(A)∩D(B). This is clear in case (1). If assumption (2) holds,
D ⊂D(B) by definition and if f ∈D, then Af ∈ Cb(RN) since the coefficients qij and pi
are bounded, thus D ⊂ Dmax(A). Hence, all the hypothesis of Corollary 4.2 are fulfilled
and (14) gives the bi-continuous semigroup generated by the closure of (A+ B,D), that
is by (A+B,Dmax(A+B)). ✷
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second order differential operators:
N∑
i,j=1
qijDij +
N∑
i=1
(
N∑
j=1
bij xj
)
Di +
〈
F(x),D
〉
,
where (qij ) is a real, symmetric and positive definite matrix, (bij ) is a nonzero real
matrix and F is a globally Lipschitz continuous function on RN . We point out that∑N
i,j=1 qijDij +
∑N
i=1(
∑N
j=1 bij xj )Di is the well-known Ornstein–Uhlenbeck operator
(see [4]).
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